We present a thermodynamic Gibbs free energy model for the finite element simulation of the coupled thermo-magneto-mechanical behavior of ferromagnetic shape memory alloys (FSMAs). Starting from a free energy model for the conventional shape memory effect, additional terms are included to take into account the magnetic anisotropy and the geometry-dependent magnetostatic energy. Different functions are considered for the strain dependence of the anisotropy energy in order to describe the experimentally found strong dependence of the anisotropy energy on the ratio of short and long crystallographic axis c/a. The resulting energy landscape is used to calculate the transition probabilities between three martensite variants and the austenite state under applied stress and external magnetic field. The magnetic shape memory effect is simulated for different loading conditions and sample geometries. We demonstrate the influence of the c/a dependence of the anisotropy energy as well as the influence of twinning strain and elastic modulus on the transition between martensite variants. The model calculations are compared with experimental results on Ni-Mn-Ga single crystals.
Introduction
Ferromagnetic shape memory alloys (FSMAs) like Ni-Mn-Ga generate large strokes in the presence of moderate magnetic fields [1] , which opens up the development of a new class of actuator devices. In particular, the option of contactless control of large deformations at relatively large bandwidths is an important prerequisite for applications in micro-electromechanical systems (MEMS). The design of FSMA actuators requires a deep understanding of magneto-mechanical coupling effects depending on material parameters, geometry and loading conditions. Different modeling approaches have been developed up to now, which either focus on a thermodynamic analysis [2, 3] or on a phenomenological description [4] . Recently, a free energy model of the shape memory effect given in [5] has been combined with a Stoner-Wohlfarth model of magnetic anisotropy to describe the evolution of martensite variants as a function of stress and magnetic field [6] . The model has been implemented in a finite element (FEM) program for the simulation of coupled magneto-mechanical field problems. First simulations based on this model reproduce the basic features of the magnetic shape memory effect [6] . Further model extensions include the phase transition between austenite and martensite variants in a magnetic field under different loading conditions [7] . Up to now, the saturation magnetization and magnetic anisotropy energy Ku are considered to be constant. However, experimental evidence suggests that Ku depends on the ratio of short and long crystallographic axis c/a [8] . Therefore, a strain dependence of Ku is assumed in order to investigate possible effects on the reorientation of martensite variants. In addition, the low elastic modulus derived from detwinning experiments, E tw = tw / tw is distinguished from the elastic modulus E M derived from deformation experiments on a detwinned sample, e.g., from compression along the c axis. In the following, it is demonstrated that these model extensions allow the simulation of magnetic field induced strain (MFIS) measurements on bulk Ni-Mn-Ga samples [9, 10] , which largely differ by their twinning strain and elastic modulus as well as their stress dependence of MFIS.
The FSMA model
Starting point is the Müller-Achenbach-Seelecke model for the transition (reorientation) between two martensite variants M -and M + with short and long axes c and a, respectively, being oriented along the beam axis [5] . The difference between the crystallographic axis c-a is due to a negative and positive eigenstrain . In this model, the transition is considered as a thermally activated process, which describes the switching of the variants in an energy landscape with two energy wells and one maximum between the wells [5] . From the relative phase fractions x -and x + of the variants under different loading conditions the stress-strain relation can be derived. The two-variant-model has been extended to a three-variant-model according to Fig. 1a to account for the magnetic field-induced reorientation [6] . Fig. 1b shows the coordinate system of the test beam used for the calculations. For each combination of variant transitions a free energy model is constructed. Fig. 3 shows the Helmholtz free energy as function of strain consisting of five piecewise parabolic functions of . It is suitable to describe the transition between variants M1 and M2 with the relative fractions X1 and X2:
if < defines the stress, at which the transition starts. It is connected to the twinning strain tw by:
E M is the elastic modulus calculated from compression or tensile experiments on samples, which are in a single variant state with the applied force being parallel to the c-axis or a axis, respectively. E tw is the elastic modulus, which is derived from detwinning measurements showing variant reorientation. 1 ( ) describes the situation of compression of variant M1 along the direction of principal stress (x-direction). In the model, the twinning stress does not enter explicitly, it is given by the product of tw and E tw . For prescribed stress , the equilibrium condition is determined by the minimum condition of the Gibbs free energy g, which is related to by a Legendre transformation with respect to :
To construct the Gibbs potential g( , , ,B) in the magnetic field B, the magnetic anisotropy energy Ku, the Zeeman energy E z and the magneto-static energy F m must be added. In the following model, the angle defines the rotation of the magnetic moment M s by the external 
= 0 if < 0 and = /2 if > 0.
The Zeeman energy is given by:
Where is the angle of the magnetic field with respect to the easy axis of variant X1.
The free energy distribution from the magneto-static interaction is given by:
H m is the field created by the magnetization M. It is connected to M by the demagnetization tensor N in the case of a homogeneous field H m : H m = -N *M For the transition between variant M1 and M2 this reduces to
N x and N y are the demagnetization coefficients in x and y direction, respectively. To calculate the transition probabilities p ij between the variants Mi and Mj, the position P i ( , ) and P j ( , ) of the two minima g i and g j of g ( , , ,B) in the -plane are determined numerically. We assume that the transition follows a straight line from P i to P j in the plane and take for the barrier high g ij the maximum of g along this path. With the two constants A and V, the transition probabilities are given by:
These expressions are used to solve the rate equations for the variant fractions X1 and X2, from which the total strain , the stress and the magnetization M are derived [6, 7] . In this model, for the transition from variant 1 to 2, it is assumed, that variant 1 is first strained towards lower eigenstrain and when this strain is equal to M , the transition to variant 2 occurs. When a variant is deformed to a more cubic state, the anisotropy energy should be reduced [8] . At =0 variant M1 and M2 cannot be distinguished. However the magnetic anisotropy energy gives different contributions for M1 and M2 to the Gibbs potential and therefore should vanish at =0. In this paper we replace Ku by the following two functions, which fulfill these requirements:
Function f1 gives only a weak dependence near T and resembles the assumption of a constant Ku of previous models, whereas f2 leads to an almost linear decrease at T and is similar to the results reported in [8] . Both function vanish at =0.
Model features
For all simulations reported in this paper the magnetic field is applied in y-direction. Thus the field induces the transition from variant M1 to M2. E M is set to 2 GPa, K to 1.7 MPa and T to 0.035. For the saturation Magnetization M s a value of 6.5 T is used. The saturation field strength of the easy axis is set to 0.05 T. For the following simulations the assumed sample dimension is l x *l y *l z = 9*9*3 mm 3 . To reduce the influence of the magneto static energy on the variant transition, the sample length in x and y The influence of f1 and f2 on the magnetization characteristic at different bias stress is shown in Fig. 6 for increasing magnetic field B y . The simulation parameters are: E tw = 50 MPa, tw = 1 %. The jump in the magnetization curve from the hard axis values to the easy axis is due to the transition from variant M1 to M2. Using function f2 the transition starts at lower fields for all bias stresses except for zero stress, where no difference is found between f1 and f2. When the field is decreased no differences are found between f1 and f2. The reason is that for variant M2 the anisotropy energy is zero for a magnetic field in y-direction ( = = /2) and thus the special function used for Ku( ) will not influence the Gibbs potential of M2. Effect of twinning strain. The magnetization characteristic as a function of B y for different assumed twinning strains is shown in the Fig. 7 for a bias-stress of 1.5 MPa. The corresponding values of the elastic modulus E tw are set to be consistent with a twinning stress of 1 MPa. For increasing field the transition starts first in the case tw = 1%. The reason is the reduced barrier height due to the low elastic modulus (100 MPa). When the field is decreased, reorientation to variant M1 occurs first in the case tw = 0.2%. At zero bias stress a difference is only found for increasing B y in the case tw = 1 %: The transition to variant M2 starts at a field strength of 0.1 T, which is by 0.1 T lower compared to the cases tw = 0.05 % and tw = 0.2%. The results demonstrate, how variant reorientation is affected by both, tw and E tw and not only by their product. In the case of sample 1 [9] the material parameters are chosen to fit the experiments, in the case of sample 2 [10] they are derived from the measured stress-strain characteristic. The MFIS for sample 1 and 2 are shown in Fig. 9 and 10, respectively. Sample 1 is more robust against the bias-stress. No marked attenuation of the MFIS is found up to 1.5 MPa and the limiting stress value for complete variant reorientation in decreasing field is about 1 MPa. In contrast sample 2 shows a considerable reduction of the MFIS at 1.0 MPa. In this case a reversible transition occurs in the field range of 0.15-0.5 T. Figs. 10 and 11 show the corresponding simulation results of the MFIS for sample 1 and 2, respectively, while Fig. 12 and 13 show the simulated evolution of the phase fraction X2 versus the magnetic field at different bias-stress. For the simulations the function f2 is used. The sharp transitions in the simulation are due to the assumption of a perfectly homogeneous single crystal. In the case of sample 1 the MFIS is nearly unaffected up to 1.5 T. A sharp decrease occurs above 2.3 MPa. Fig. 12 shows that the corresponding phase fraction X2 saturates at a value of 0.38. Therefore we conclude that the decrease of the MFIS is due to this incomplete transition. In contrast sample 2 shows a full transition for all simulated bias stresses (Fig. 13) . The decrease of MFIS with increasing bias stress, shown in Fig. 11 , is caused by the large deformation of the material due to the low value of elastic modulus E tw . Neglecting the difference between E M and E tw would result in large negative strain values due to the bias-stress if variant M1 is in the order of 1. 
Conclusion
A free energy function and the resulting Gibbs potential are constructed to describe magneticfield and stress-dependent reorientation of martensite variants. Two different values of the elastic modulus E M and E tw are used to describe the stress strain relations. The model allows the simulation of the stress and field dependence of MFIS covering a broad range of FSMA materials, which are currently investigated in experiments. The main results are: a) tw and E tw are required for an adequate description of the critical field for MFIS, b) for large values of E tw , MFIS is only reduced is due to incomplete variant transformation, whereas for low values of E tw , MFIS mainly decreases due to the large deformation, c) the strain dependence of Ku is explicitly included in the model, which has a significant influence on the critical magnetic field of MFIS. The simulations reproduce the main features of the experimental results.
